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Rudolph introduced the notion of braidzel surfaces as a generalization of pretzel surfaces,
and Nakamura showed that any oriented link has a braidzel surface. In this paper, we
introduce the notion of ﬂat braidzel surfaces as a special kind of braidzel surfaces, and
show that any oriented link has a ﬂat braidzel surface. We also introduce and study a new
integral invariant of links, named the ﬂat braidzel genus, with respect to their ﬂat braidzel
surfaces. Moreover, we give a way to calculate the number of components, the distance
from proper links, the Arf invariant, and a Seifert matrix of a given link through the ﬂat
braidzel notation.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
An n-braidzel surface is the surface which consists of two disks joined by n bands b1,b2, . . . ,bn such that: (1) the cores
of the bands form the n-string braid β , (2) each bi (i = 1,2, . . . ,n) may be half-twisted. Rudolph introduced the notion of
braidzel surfaces as a generalization of pretzel surfaces in [4] on his study of the quasipositivity for pretzel surface.
Deﬁnition 1.1. The n-ﬂat braidzel surface is a braidzel surface such that all bi have no twists. The surface is denoted by F (β).
A link is a disjoint union of oriented circles embedded in S3, and a knot is a link with one component. We say that a
link L has a Seifert surface S if there exists compact, orientable, connected surface S such that ∂ S = L. It is well known that
any link has a Seifert surface. Nakamura [3] showed the following theorem.
Theorem 1.2. ([3]) Any link has a braidzel surface as a Seifert surface.
In Section 2, we prove the following theorem.
Theorem 1.3. Any link has a ﬂat braidzel surface as a Seifert surface.
Example 1.4. Three surfaces as in Fig. 1 are a non-orientable braidzel surface, an orientable braidzel surface, and a ﬂat
braidzel surface for 63, respectively.
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Fig. 2. The 1-wrench for a 3-braidzel surface.
Nakamura also introduced the braidzel genus which is deﬁned as the minimal genus of all braidzel surfaces for L. We
denote it by gb(L).
Deﬁnition 1.5. The ﬂat braidzel genus of a link L is the minimal genus of all ﬂat braidzel surfaces for L. We denote it
by g f b(L).
By Deﬁnition 1.1, it follows that g f b(L) gb(L) for any link. We prove the following theorem in Section 3.
Theorem 1.6. For any non-negative integer m, there exist inﬁnitely many links L such that g f b(L) − gb(L) =m.
The ﬂat braidzel surface is useful to consider some elementary properties of links. In fact, from a braid β such that
L = ∂ F (β), we can calculate the number of components (Theorem 4.2(1)), the distance from proper links (Theorem 4.2(2)),
the Arf invariant (Theorem 4.8) and a Seifert matrix (Theorem 4.9) of L. We also give examples of calculation.
2. The ﬂat braidzel surface
Throughout this paper, we consider only orientable surfaces. The braidzel surface is orientable if and only if all bi ’s
have odd or even half-twists. Let B be a braidzel surface such that all bi have odd half-twists. We turn the top disk of
B right-handed π radians with ﬁxing the other disk, around the straight line passing through centers of two disks as the
axis. We call the operation repeating this 2k times k-wrenches for the braidzel surface (see Fig. 2). Then, we obtain the
braidzel surface such that all bi have even half-twists. Therefore, we assume that each bi of a braidzel surface has |ai |
full-twists. If ai is positive (resp. negative), then the full-twist of the band is right-handed (resp. left-handed). We denote it
by B(β;a1,a2, . . . ,an).
Let D and D ′ be the two disks for B(β;a1,a2, . . . ,an), and b1,b2, . . . ,bn the bands attached to D from the left to the right
(see Fig. 3). Let αi (i = 1,2, . . . ,n) be the arc of ∂D \ (b1 ∪b2 ∪· · ·∪bn) between bi and bi+1. Similarly, let bi(1),bi(2), . . . ,bi(n)
be the bands attached to D ′ from the left to the right, and α′j ( j = 1,2, . . . ,n) an arc of ∂D ′ \(bi(1)∪bi(2)∪· · ·∪bi(n)) between
bi( j) and bi( j+1) . We regard the indexes of b,α,α′ as an element of Zn . Let σβ is the element of the symmetric group Σn
of degree n associated with β . We remark that i(σβ( j)) = j.
Proof of Theorem 1.3. Let L be a link. By Theorem 1.3, L has a braidzel surface B = B(β;a1,a2, . . . ,an). We per-
form (−a1)-wrenches for B . Then, we get another braidzel surface B(2kn β;0,a2 − a1, . . . ,an − a1) for L, where n =
(σ1σ2 . . . σn)(σ1σ2 · · ·σn−1) · · · (σ1σ2)σ1.
The proof is given by induction on ϕ = |a2 − a1| + · · · + |an − a1|. If ϕ = 0, then B is a ﬂat braidzel surface. Assume that
Theorem 1.3 holds when ϕ <m. If ϕ =m, then B has both a ﬂat band and a twisted band. There exists i such that bi is a
ﬂat band and bi+1 is a twisted band (see Fig. 4(a)).
First, we replace the top full-twist of the band bi+1 with two bands b′ and b′′ as in Fig. 4(b). As for a negative full-twist,
we switch the crossing of b′ and b′′ . We remark that this operation preserves the link type of its boundary. Second, slide
T. Miura / Topology and its Applications 159 (2012) 623–632 625Fig. 3. The name of each part of B(β;a1,a2, . . . ,an).
Fig. 4. The deformation reducing the number of full-twists.
each root of b′ and b′′ connected in the boundary on the right side of bi+1 to αi+1, and each root of b′ and b′′ connected in
the boundary on the left side of bi+1 to αi (see Fig. 4(c)). Finally, we slide each root of b′ and b′′ connected on αi to α′σβ(i)
along bi (see Fig. 4(d)). Then, we get an (n+2)-braidzel surface which satisﬁes ϕ =m−1<m. Hence, from the assumption,
the proof is complete. 
3. The ﬂat braidzel genus and the braidzel genus
In this section, we study relationships between the ﬂat braidzel genus g f b(L) and the braidzel genus gb(L). We easily
see that if an r-component link L has an n-ﬂat braidzel surface F , then we have
g f b(L) g(F ) = n − r2 ,
where g(F ) is the genus of F .
We give an upper bound for the ﬂat braidzel genus of a link.
For a braidzel surface B(β;a1,a2, . . . ,an), we deﬁne i(B) as
i(B) = min{#{i | ai is even},#{i | ai is odd}},
where #A is the cardinality of a set A.
Theorem 3.1. For any link L, we have
g f b(L) = min
{
g(B) + i(B) ∣∣ B is a braidzel surface for L}.
Proof. Let F be a ﬂat braidzel surface such that g(F ) = g f b(L). Since i(F ) = 0, we have
g f b(L) = g(F ) + i(F )min
{
g(B) + i(B)}.
To prove the reverse inequality, we use an isotopic deformation as in Fig. 5. Let B = B(β;a1,a2, . . . ,an) be a braidzel
surface for L. First, we deform two full-twists of a band bi of B to the shape of two clasps. Second, we push one clasp out
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Fig. 6. The deformation sliding the root of most left band along the boundary of the disk.
around the disk D , and slide the other clasp to the left side of D . Finally, we take down a part of bi over D through the
front of D . Then, we obtain a braidzel surface B(β ′;a1,a2, . . . ,ai − 2, . . . ,an) for L. By repeating this deformation for all bi ,
we obtain a braidzel surface B(β ′′; a¯1, a¯2, . . . , a¯n) from B . Here, a¯i means 0 if ai is even, 1 if ai is odd.
This deformation changes a band which has even (resp. odd) full-twists to a ﬂat band (resp. a band which has one
full-twist). Then, the sum of the number of full-twists of all bands is equal to the number of odd ai ’s, i.e., #{i | ai is odd}.
Case 1. If #{i | ai is even} #{i | ai is odd}, then we deform the braidzel surface to a ﬂat braidzel surface as in the proof
of Theorem 1.3. Then the number of bands increases by two for one full-twist, and the genus of B increases by one for one
full-twist. Hence, we have
g f b(L)min
{
g(B) + i(B) ∣∣ B is a braidzel surface for L}.
Case 2. If #{i | ai is even}  #{i | ai is odd}, then we perform a 1-wrench for B to obtain the braidzel surface B(2nβ;
a1 + 1,a2 + 1, . . . ,an + 1). Since the operation reverses the parity of each ai , Case 2 is reduced to Case 1. 
From Theorem 3.1, we have the following corollary.
Corollary 3.2. For any r-component link, we have
g f b(L) 2gb(L) +
⌈
r
2
− 1
⌉
.
Here, x is the least integer not less than x.
Proof. Let B be an n-braidzel surface for L such that g(B) = gb(L). By deﬁnition, i(B)  n/2. If i(B) = n/2, then the de-
formation sliding the root of the most left band along the boundary of the disk D ′ of B makes i(B) < n/2 as in Fig. 6.
Therefore, by g(B) = gb(L) = (n − r)/2 and Theorem 3.1, we have
g f b(L) g(B) + i(B) < gb(L) + n2 = 2gb(L) +
r
2
. 
Deﬁnition 3.3. For an r-component link L = K1 ∪ K2 ∪ · · · ∪ Kr , we call the value
#
{
i
∣∣ lk(Ki, L \ Ki) ≡ 1 (mod 2)}/2
the distance from proper links, denoted by d(L). If d(L) = 0, then L is called a proper link. Here, a knot is regarded as a proper
link.
The local move of a link as in Fig. 7 is called a pass move, and two links L and L′ are pass equivalent if we can obtain L′
from L by applying a ﬁnite sequence of pass moves.
For the pass move, we have the following lemma (refer to [2, Appendix]).
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Fig. 8. Lk,m .
Lemma 3.4. For any component K of a link L, the value lk(K , L \ K ) (mod 2) does not change by a pass move.
Theorem 3.5. For any link, we have
g f b(L) d(L) − 1.
Proof. Let F (β) be an n-ﬂat braidzel surface for L such that g(F (β)) = g f b(L). We denote each arc obtained by remov-
ing all bands of F (β) from L by α1,α2, . . . ,αn and α′1,α′2, . . . ,α′n as deﬁned at Section 2 as in Fig. 3. Moreover, let K
be a component of L such that K does not contain αn and α′n . Assume that K contains only αi (i = 1,2, . . . ,n − 1)
among α1,α2, . . . ,αn−1. Then, considering a height function by vertical direction of Fig. 3, we can observe the number
of maximal points of K is one, hence the number of minimal points of K is also one. In other words, K contains only
α′j ( j = 1,2, . . . ,n − 1) among α′1,α′2, . . . ,α′n−1. Hence, K can be split from L by a ﬁnite sequence of pass moves. There-
fore, by Lemma 3.5, we have lk(K , L \ K ) ≡ 0 (mod 2). By the contraposition, if lk(K , L \ K ) ≡ 1 (mod 2), then K contains
more than one arc among α1,α2, . . . ,αn−1. Let x be the number of all components K of L such that K does not contain
αn,α
′
n and lk(K , L \ K ) ≡ 1 (mod 2). Let r be the number of components of L. Then, all K contain at least two arcs among
α1,α2, . . . ,αn , and the other r − x components contain at least one arc. Hence, we have
n 2x+ (r − x) = x+ r.
On the other hand, the number of all components of L which contain αn or α′n is one or two, and the number of all
components K of L such that lk(K , L \ K ) ≡ 1 (mod 2) is 2d(L) by the deﬁnition of d(L). Hence, we have
2d(L) x 2d(L) − 2.
Consequently, we have
n 2d(L) − 2+ r,
and hence
g f b(L) = g
(
F (β)
)= n − r
2
 d(L) − 1. 
From the above mentioned results, we obtain Theorem 1.6.
Proof of Theorem 1.6. We consider the link Lk,m as in Fig. 8. Since B(1;2k+1,0,1,0, . . . ,1,0) is a braidzel surface for Lk,m ,
we can see gb(Lk,m) = 0. From Corollary 3.2, we have
g f b(Lk,m) 2gb(Lk,m) +
⌈
r
2
− 1
⌉
= 2·0+ 2m + 2
2
− 1
=m.
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On the other hand, since d(Lk,m) =m + 1, Theorem 3.5 implies
g f b(Lk,m) d(Lk,m) − 1 =m.
Therefore, we have
g f b(Lk,m) − gb(Lk,m) =m − 0 =m. 
4. Properties of a link and the ﬂat braidzel notation
4.1. The number of components and the distance from proper links through the ﬂat braidzel notation
Let F (β0) be a ﬂat braidzel surface for the r-component link L. Then, the surface as in Fig. 9 is also a ﬂat braidzel surface
for L. Let F (β) be this ﬂat braidzel surface.
Deﬁnition 4.1. The bijective map ρβ : Zn → Zn is deﬁned as follows:
ρβ = σ−1β
(
σβ(i + 1) − 1
)
.
We say that i, j ∈ Zn are ρβ equivalent if there exists an integer k such that ρkβ(i) = j. We denoted it by i ∼ρβ j.
Then the following theorem holds.
Theorem 4.2. For an r-component link L which has the ﬂat braidzel surface F (β), we have
(1) r = #Zn/ ∼ρβ ,
(2) d(L) = #{[i] ∈ Zn/ ∼ρβ ∣∣ #[i] ≡ 0 (mod 2)}/2,
where #[i] is the number of elements in the ρβ equivalence class [i].
Proof of Theorem 4.2(1). The component of L which contains the arc αi contains the left side boundary of band bi+1,
and the arc α′σβ(i+1)−1. Moreover, the component contains the right side boundary of band bσ−1β (σβ (i+1)−1) , and the arc
ασ−1β (σβ (i+1)−1) = αρβ(i) . 
To prove Theorem 4.2(2), we consider a projection image to a plane Π of L as in Fig. 9. Let pi be the projection of
the component Ki of L which contains the arc αi , c(pi) the number of self-intersection points of pi . Then, we have the
following lemma.
Lemma 4.3.
lk(Ki, L \ Ki) ≡ c(pi) (mod 2).
Proof. This lemma is proved by observing the contribution to c(pi) and lk(Ki, L \ Ki) at one crossing of bands. 
Moreover, we also have the following lemma.
Lemma 4.4.
c(pi) ≡ #[i] + 1 (mod 2).
T. Miura / Topology and its Applications 159 (2012) 623–632 629Proof. We perform the smoothing for all the self-intersection points of pi between two upward arcs and between two
downward arcs. Then, we have #[i] closed curves. Since the number of the self-intersection points between an upward
arc and a downward arc is even, the parity of c(pi) is equal to that of the number of the self-intersection points of pi
between two upward arcs and between two downward arcs. Moreover, since once of the smoothing changes the parity of
the number of curves, the parity of the number of the self-intersection points of pi between two upward arcs and between
two downward arcs is equal to that of #[i] + 1. 
Proof of Theorem 4.2(2).
2d(L) = #{[i] ∣∣ lk(Ki, L \ Ki) ≡ 1 (mod 2)}
= #{[i] ∣∣ c(pi) ≡ 1 (mod 2)}
= #{[i] ∣∣ #[i] ≡ 0 (mod 2)}. 
Remark 4.5. By Theorem 4.2(2), we give another proof of Theorem 3.5.
Let F (β0) be a ﬂat braidzel surface for L such that g(F (β0)) = g f b(L), then from Theorem 4.2(2)
2d(L) = #{[i] ∣∣ #[i] ≡ 0 (mod 2)},
r − 2d(L) = #{[i] ∣∣ #[i] ≡ 1 (mod 2)}.
Moreover, if #[i] ≡ 0, then #[i] 2, and if #[i] ≡ 1, then #[i] 1. Thus, we have
n =
∑
[i]∈Zn/∼ρβ
#[i]
 2 · 2d(L) + (r − 2d(L))
= 2d(L) + r.
Hence, we have
g f b(L) = g
(
F (β0)
)= (n − 2) − r
2
 d(L) − 1.
4.2. The Arf invariant through the ﬂat braidzel notation
Let L be a proper link, S a Seifert surface for L. We consider the ﬁrst homology group H1(S;Z2) of S with coeﬃcients
in Z2, and a function q : H1(S;Z2) → Z2 deﬁned as q(x) = lk(l+x , lx) (mod 2). Here, lx is a loop on S which represents x in
H1(S;Z2), l+x is a loop which is raised lx from S to the positive direction. We deﬁne a function λ as follows:
λ(q) =
∑
x∈H1(S;Z2)
(−1)q(x).
The Arf invariant is an invariant of a proper link L, denoted by Arf(L). The Arf invariant takes an element of Z2. It is
known the following proposition to determine the value of Arf(L).
Proposition 4.6. ([1, Chapter 5])
λ(q) > 0 ⇔ Arf(L) = 0.
λ(q) < 0 ⇔ Arf(L) = 1.
Deﬁnition 4.7. Let Σn be the symmetric group of degree n, M a subset of In = {1,2, . . . ,n}. Then, we deﬁne a map λ : Σn →
Z as
λ(σ ) =
∑
M⊂In
#M: even
(−1)sgn(σ |M ),
where
sgn(σ |M) = #
{
(i, j) ∈ M × M ∣∣ i < j, σ (i) > σ( j)}.
630 T. Miura / Topology and its Applications 159 (2012) 623–632Fig. 10. Simple loops lx1 , lx2 , . . . , lxn presenting a basis x1, x2, . . . , xn, y of H1(S;Z2).
Theorem 4.8. If L = ∂ F (β) is a proper link, then we have
λ(σβ) > 0 ⇔ Arf(L) = 0.
λ(σβ) < 0 ⇔ Arf(L) = 1.
Proof. This proof is inspired by Yasuhara’s advice. We consider the Seifert surface S added two bands to F (β), as in
Fig. 10. Let b˜ be the one of the bands which spans D and D ′ . We choose simple loops lx1 , lx2 , . . . , lxn presenting a basis
x1, x2, . . . , xn, y of H1(S;Z2) as in Fig. 10. Here, we take loops lxi in band b˜ as the following. Let p1,p2, . . . ,pn be points
from the right to the left in b˜ ∩ D . Similarly, let p′1,p′2, . . . ,p′n be points from the right to the left in b˜ ∩ D ′ . Then, we take
lxi such that lxi passes on the segment p
′
σβ(i)
to pi .
For any element x of H1(S;Z2), we put x = a1x1 + a2x2 + · · · + anxn + by (ai,b ∈ Z2) and x˜ = x− by.
From q(y) = 0, we have q(x) = q(x˜) + x˜ · (by). Moreover, from q(xi) = 0, xi · y = 1, we have
q(x˜) =
n∑
j=2
j−1∑
i=1
aia j(xi · x j) (mod 2),
x˜ · (by) = (a1 + a2 + · · · + an)b (mod 2).
Hence, we have
q(x) =
n∑
j=2
j−1∑
i=1
aia j(xi · x j) + (a1 + a2 + · · · + an)b (mod 2).
Therefore, we have
λ(q) = 2
∑
a1+···+an=0
(−1)q(x˜).
From xi · x j = sgn(σβ |{i, j}), we have
q(x˜) =
n∑
j=2
j−1∑
i=1
aia j(xi · x j) (mod 2)
=
n∑
j=2
j−1∑
i=1
aia j sgn(σβ |{i, j}) (mod 2)
= sgn(σβ |Mx) (mod 2),
where Mx = {i | ai = 1}. Hence, we have
λ(q)
2
=
∑
a1+···+an=0
(−1)q(x˜) =
∑
a1+···+an=0
(−1)sgn(σβ |Mx )
=
∑
M⊂In
#M: even
(−1)sgn(σβ |M )
= λ(σβ).
By Proposition 4.6, the proof is completed. 
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Let β be an n-string braid, and L be a link such that L = ∂ F (β). We deﬁne a square matrix of order n, V˜ = (v˜ i j), as
follows:
v˜ i j =
⎧⎪⎨
⎪⎩
 wij2  (i < j),
 wij2  (i > j),
0 (i = j),
where all strings si (i = 1,2, . . . ,n) of β are oriented from top to bottom, and wij (i, j = 1,2, . . . ,n, i = j) is the sum of
signs of all crossing points of si and s j . x (resp. x) is the least (resp. greatest) integer not less (resp. greater) than x.
Theorem 4.9. A Seifert matrix V of L is a square matrix of order n + 1 as follows:
V =
⎛
⎜⎜⎜⎝
1
V˜ ...
1
0 · · · 0 0
⎞
⎟⎟⎟⎠ .
4.4. Calculation examples
Example 1. Let β0 be the 3-string braid σ1σ2σ1, and L the r-component link such that L = ∂ F (β0). By Deﬁnition 4.1, we
have
ρβ(1) = σ−1β
(
σβ(1+ 1) − 1
)= σ−1β (σβ(2) − 1)= σ−1β (3− 1) = σ−1β (2) = 3,
ρβ(3) = σ−1β
(
σβ(3+ 1) − 1
)= σ−1β (σβ(4) − 1)= σ−1β (1− 1) = σ−1β (5) = 5,
ρβ(5) = σ−1β
(
σβ(5+ 1) − 1
)= σ−1β (σβ(1) − 1)= σ−1β (4− 1) = σ−1β (3) = 2,
ρβ(2) = σ−1β
(
σβ(2+ 1) − 1
)= σ−1β (σβ(3) − 1)= σ−1β (2− 1) = σ−1β (1) = 4,
ρβ(4) = σ−1β
(
σβ(4+ 1) − 1
)= σ−1β (σβ(5) − 1)= σ−1β (5− 1) = σ−1β (4) = 1.
Hence 1 ∼ρβ 3 ∼ρβ 5 ∼ρβ 2∼ρβ 4, i.e. [1] = {1,2,3,4,5}. By Theorem 4.2, we have r = 1,d(L) = 0.
Moreover, by Deﬁnition 4.7, we have
λ(σβ) = (−1)sgn(σβ |{1,2}) + (−1)sgn(σβ |{1,3}) + (−1)sgn(σβ |{2,3})
= (−1) + (−1) + (−1)
= −3.
Therefore, by Theorem 4.8, we have Arf(L) = 1.
Moreover, we have w12 = w13 = w23 = 1. Therefore, by Theorem 4.9, we have a Seifert matrix V of L as follows:
V =
⎛
⎜⎝
0 1 1 1
0 0 1 1
0 0 0 1
0 0 0 0
⎞
⎟⎠ .
Example 2. Let β0 be the 4-string braid σ1σ
−1
2 σ
−1
3 σ
2
1 σ2, and L the r-component link such that L = ∂ F (β0). By Deﬁnition 4.1,
we have
ρβ(1) = σ−1β
(
σβ(1+ 1) − 1
)= σ−1β (σβ(2) − 1)= σ−1β (4− 1) = σ−1β (3) = 4,
ρβ(4) = σ−1β
(
σβ(4+ 1) − 1
)= σ−1β (σβ(5) − 1)= σ−1β (2− 1) = σ−1β (1) = 3,
ρβ(3) = σ−1β
(
σβ(3+ 1) − 1
)= σ−1β (σβ(4) − 1)= σ−1β (3− 1) = σ−1β (2) = 5,
ρβ(5) = σ−1β
(
σβ(5+ 1) − 1
)= σ−1β (σβ(6) − 1)= σ−1β (6− 1) = σ−1β (5) = 1,
ρβ(2) = σ−1β
(
σβ(2+ 1) − 1
)= σ−1β (σβ(3) − 1)= σ−1β (1− 1) = σ−1β (6) = 6,
ρβ(6) = σ−1
(
σβ(6+ 1) − 1
)= σ−1(σβ(1) − 1)= σ−1(5− 1) = σ−1(4) = 2.β β β β
632 T. Miura / Topology and its Applications 159 (2012) 623–632Hence, we have [1] = {1,3,4,5}, [2] = {2,6}. By Theorem 4.2, we have r = 2,d(L) = 1. Since L is not a proper link, Arf(L) is
not deﬁned.
Moreover, we have w12 = 1,w13 = −1,w14 = −1,w23 = 2,w24 = 0,w34 = 1. Therefore, by Theorem 4.9, we have a
Seifert matrix V of L as follows.
V =
⎛
⎜⎜⎜⎝
0 1 0 0 1
0 0 2 0 1
−1 2 0 1 1
−1 0 0 0 1
0 0 0 0 0
⎞
⎟⎟⎟⎠ .
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